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ON COHOMOLOGY OF QUIVER GRASSMANNIANS OF ACYCLIC
QUIVERS
YINGJIN BI
Abstract. For an acyclic quiver, we establish a connection between the cohomology of quiver
Grassmannians and the dual canonical bases of the negative half of the quantized enveloping
algebra associated with the quiver. As a corollary, we describe the Poincare polynomial of a
rigid quiver Grassmannian in terms of the coefficients of a dual canonical base. Meanwhile, we
interpret some properties of quiver Grassmannians by the dual canonical bases.
Introduction
For an acyclic quiver, the cohomology of quiver Grassmannians plays an important role in
cluster algebras. It is related with the conjecture given by Keller: every rigid quiver Grassmannian
for an acyclic quiver has an cellular decomposition. In the paper [IEFR], they have shown that
the cohomology ring of a rigid quiver Grassmannian has property (S): there is no odd cohomology
and the cyclic map is an isomorphism. It is known that the property (S) is necessary for the
property of cellular decomposition, so their result goes closely to the Keller’s conjecture. However,
the property (S) of rigid quiver Grassmannians is not enough to describe the cohomology of rigid
quiver Grassmannians explicitly.
In this paper, we try to describe, by the Poincare polynomial of quiver Grassmannians, the
cohomology of quiver Grassmannians in terms of dual canonical bases of quantized enveloping
algebras. Motivation of this paper comes from the paper [FR] and the lecture [S]. In the paper
[FR], they found out the support of degeneration of flag varieties by the canonical bases of the
quantized enveloping algebra of type An; In the Schiffmann’s lecture, he defined the induction
of Lusztig’s sheaves by the universal quiver Grassmannians. Hence, it is nature to connect the
quiver Grassmannians to the canonical bases of quantized enveloping algebra.
But after the author completed this paper, he learned that the relation between the cohomology
of the rigid modules and dual canonical bases was previously obtained by [KQ] via cluster theory.
The motivations as well as the approaches in [KQ] and in the present paper are very different.
Let us to illustrate the idea: Let
−→
Q be an acyclic quiver with a set of vertices I and a set of
arrows Ω. Denote the source (resp:target) of an arrow h by s(h) (resp: t(h)). Fix a field to be
complex number field C. Given a dimension vector ν = (νi) ∈ N[I], we define the representation
space with dimension vector ν as
Eν(Q) :=
⊕
h∈Ω
Hom(Vs(h), Vt(h))
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where dimVi = νi for all i ∈ I. It is a affine smooth variety with a constant perverse sheaf
Iν := CEν [dimEν(Q)]
For two dimension vectors µ, ν ∈ N[I], we define a smooth variety as
Eν,µ := {(W,y) | y ∈ Eν+µ, yh(Ws(h)) ⊆Wt(h) and dimW = µ }
The constant sheaf CEν,µ [dimEν,µ] is a perverse sheaf on Eν,µ, which is denoted by IEν,µ . We
construct a map as follows:
q : Eν,µ → Eν+µ
(W,y) 7→ y
The map q is proper. Given a representation M ∈ Eν+µ, the quiver Grassmannians is defined by
q−1(M) which is denoted as Grµ(M). Following from the results in [CG], we have that
Lemma 0.1 ([CG]). For a representation M with a dimension vector µ+ ν, we have that
H•(Grµ(M)) ∼= H
•−dimEν,µ(i∗M q!IEν,µ)
where IEν,µ is the constant perverse sheaf over Eν,µ and iM : {M} →֒ Eν+µ
By the lecture [S], the complex q!IEν,µ can be viewed as the multiplication of Lusztig’s sheaves
on the quantum group associated with the quiver. By the Lusztig’s geometric construction of
canonical bases of negative part of quantum groups, for a element ν ∈ N[I], we have the set of
simple perverse sheaves, denoted by Pν , which corresponds to the canonical bases of quantum
groups. We set Poincare polynomial of a quiver Grassmannian Grν(M) as
Chq(H
•Grµ(M)) :=
∑
i∈Z
dimHi(Grµ(M))q
i
and denote the canonical base by bλ.
Then we describe the dual canonical bases in terms of quantum shuffle algebra. One set a total
order of I so that ik > il if and only if k > l. For a dimension vector ν ∈ N[I], we define the
set 〈I〉ν := {(j1j2 · · · jl)|
∑
0≤k≤l jk = ν} where the (j1j2 · · · jl) refers to a word. For two words
i = (i1i2 · · · im) and j = (j1j2 · · · jl), we define ij = (i1i2 · · · imj1j2 · · · jl).
For a dimension vector ν ∈ N[I], we set a word
iν = (i1 · · · i1i2 · · · in · · · in)
where the multiplicity of ik is equal to νk for each k.
We express a dual canonical base b∗λ as b
∗
λ =
∑
k∈〈I〉ν+µ
χkλk. Then the cohomology of general
quiver Grassmannian is described in terms of dual canonical bases as follows:
Lemma 0.2. Let M be a representation of an acyclic Q, then we have
Chq(H
•Grµ(M)) = q
sν+sµ−tν,µ−dimEν,µ/[ν]![µ]!
∑
λ∈Pν+µ
χ
iν iµ
λ Chq(i
∗
MIC(Oλ))(0.1)
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where IC(Oλ) are elements of P
ν+µ, tν,µ is equal to dimEν+dimEµ and the χ
iν iµ
λ is the coefficient
of the word iνiµ in the expression of dual canonical base b
∗
λ. For the notations sν + sµ and [ν]![µ]!
we can refer to notation 1.13 for more details
For a dimension vector ν + µ = ((ν + µ)i)i∈I on acyclic quivers, there exists a canonical base
bi(ν+µ) = θ
((ν+µ)1)
i1
· · · θ
((ν+µ)n)
in
where θk are generators of negative half part of quantized envelop-
ing algebra associated with
−→
Q .
Theorem 0.3. Let M be a rigid representation of an acyclic quiver Q with dimension vector
dim(M) = ν + µ. then we have that
Chq(H
•Grµ(M)) = q
sν+sµ−tν,µ−〈µ,ν〉/[ν]![µ]!χ
iν iµ
i(ν+µ)(0.2)
where the χ
iν iµ
i(ν+µ)
is the coefficient of the word iνiµ in the expression of dual canonical base b
∗
i(ν+µ)
and 〈µ, ν〉 is the Euler form of Q.
For Dynkin quivers, we calculate the Poincare polynomial of rigid quiver Grassmannians ex-
plicitly as follows:
Theorem 0.4. LetM be the rigid representation of a Dynkin Q with dimension vector dim(M) =
ν + µ. then we have that
Chq(H
•Grµ(M)) = q
sν+sµ+s(ν+µ)0−tν,µ−〈µ,ν〉/[ν]![µ]!
∑
w∈S
iν iµ
ν+µ
qdeg(w;i(ν+µ))(0.3)
The notations of this theorem are given in the end of this paper.
Organization This paper is organized as follows. In Section 1, we review canonical bases and
dual canonical bases of half part of quantized enveloping algebra associated with an acyclic quiver.
In Section 2, we prove the main theorem of this paper. In Section 3, we calculate the Poincare
polynomial of rigid quiver Grassmannians by the dual PBW bases for Dynkin quivers
Acknowledgements. I thank professor Gieovanni Cerulli Irelli and my advisor Yuming Liu for
providing a lot help during this work. Gieovanni Cerulli Irelli firstly sees the primary draft and
gives some quite valuable comments on this paper. I also thank professor Fan Qin for informing
me his previous works and offering some valuable suggestions for this paper. Meanwhile, I would
like to thank professor Bernard Leclerc, for his comments provide some clues for this paper.
1. Canonical bases and dual canonical bases for acyclic quivers
We first recall some basic facts on acyclic quivers. Let
−→
Q = (I,Ω) be an acyclic quiver, where
I is the set of vertices of the quiver and Ω is the set of the arrows of the quiver. A quiver
is called acyclic if and only if it has no loops. We denote the underlying graph of the quiver
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−→
Q by Q. For h ∈ Ω we write s(h) and t(h) for the source of h and the target of h, respec-
tively. We fix an orientation Ω of an acyclic quiver Q and set a total order on the set of vertices I
so that k > l if there exists an arrow h : l→ k. We denote the vertex corresponding to k by ik ∈ I.
One can define a representation of the quiver
−→
Q over a field k in the following way: it is a tuple
((Mi)i∈I , (Mh)h∈Ω) where Mi is a vector space over k and Mh : Ms(h) → Mt(h) is a linear map.
We denote the category of representations of the quiver by Repk(
−→
Q). Given two representations
M,N ∈ Repk(
−→
Q), we denote Hom−→
Q
(M,N) by the vector space of
−→
Q -morphisms between M and
N and write [M,N ] (resp: [M,N ]1) for dim(Hom−→
Q
(M,N)) (resp: dim(Ext1−→
Q
(M,N))).
For a representation M ∈ Repk(
−→
Q), we write dimM for the tuple (dim(Mi))i∈I . Given two
representations M,N of the quiver, we define an integral bilinear form 〈M,N〉 as
(1.1) 〈M,N〉 = 〈dimM,dimN〉 :=
∑
i∈I
dimMidimNi −
∑
h∈Ω
dimMs(h)dimNt(h)
For an acyclic and connected quiver (such as a Dynkin quiver), one can get the following
equation:
〈M,N〉 = [M,N ] − [M,N ]1(1.2)
Based on above notations, we define the Cartan matrix AQ = (ai,j)i,j∈I for a quiver Q (which
only depends on the underlying graph) by
ai,j =
{
2 i = j
〈S(i), S(j)〉 + 〈S(j), S(i)〉 i 6= j
(1.3)
where S(k) denotes the simple module corresponding to k ∈ I.
It is known that an acyclic quiver gives rise to a symmetric Cartan matrix AQ and every
symmetric Cartan matrix arises from an acyclic quiver in this way. One also defines the Kac-
Moody algebra gQ associated with the Cartan matrix AQ, which generated by a vector space b,
elements {ei}i∈I and {fi}i∈I with some conditions. We write R
+ for the set of its positive roots.
Meanwhile, for simple roots αi and αj, we have that their inner product defined by αi · αj = ai,j
For a Cartan matrix AQ, we write fA for the Lusztig’s integral form of the negative half of the
quantum universal enveloping algebra associated with the quiver Q, where A = Z[q, q−1]. Given
a number n ∈ N, we set
[n] :=
qn − q−n
q − q−1
[n]! :=
∏
1≤k≤n
[k](1.4)
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The algebra fA is a N[I]-graded algebra and is generated by elements {θi}i∈I subject to the
quantum Serre relations
∑
r+s=1−aij
(−1)rθ
(r)
i θjθ
(s)
i = 0(1.5)
for all i, j ∈ I and r ≥ 1, where θ
(r)
i denotes the divided power θ
r
i /[r]!.
1.1. Lusztig’s geometric construction of canonical bases. Lusztig’s geometric construc-
tion of canonical bases of negative half of quantum groups is a powerful tool for our paper. The
original results concerning geometric construction are given in the cases of the closure field of a
finite field. However, the same results are obtained over the complex number field by the works
of [BBD, Chapter 6] via Hall category (see [S, Remark 3.27] ). Thus unless specified otherwise,
we assume the ground field is the complex number field C and replace the field Ql with C. We
fix an acyclic quiver
−→
Q and its underlying graph Q in the rest of this section. Due to the results
of this section just depend on the underlying graph Q, we abbreviate the
−→
Q as Q if there is no
any confusion.
Given a vector ν ∈ N[I], we set the vector space Eν(Q) :=
⊕
h∈ΩHom(Vs(h), Vt(h)) and the
linear algebraic group GL(ν) := Πi∈IGL(Vi) where the vector spaces Vi satisfy dimVi = νi.
Lusztig has constructed a family of GL(ν)-equivalent perverse sheaves Pν over Eν to describe the
canonical bases of the half-part of the quantum group associated with the quiverQ. For the case of
Dynkin quivers, by [S, Theorem 2.8] it is known that Pν = {IC(Oλ)|Oλruns over GL(ν)-orbits}
where the IC(Oλ) is the intersection homology corresponding the orbit Oλ. However for acyclic
quivers, we only have that Pν ⊂ {IC(Oλ)|Oλ runs over GL(ν)-orbits}. We write KP (ν) for the
set of the GL(ν)-orbits in the space Eν(Q)
Example 1.1. Given a vector ν ∈ N[I], the perverse sheaf CEν(Q)[dimEν(Q)] on Eν(Q) is
contained in Pν (see [S, Example 2.5]). Then
CEν(Q)[dimEν(Q)]|Omax = COmax[dimEν(Q)] = IC(Omax)|Omax
where the Omax is a unique open orbit in Eν(Q), thus we have CEν(Q)[dimEν(Q)] = IC(Omax)
From now on, we abbreviate space Eν(Q) as Eν if it doesn’t lead to any confusion and denote
CEν [dimEν ] as Iν .
Lusztig also defined the multiplication of the perverse sheaves, for the details one should see
[L2] and [L1]. The simple vision is given as follows: Given two vector ν, µ ∈ N[I], we define the
variety
Eν,µ := {(W,y) | y ∈ Eν+µ; yh(Ws(h)) ⊆Wt(h) and dimW = µ }(1.6)
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Then we construct a map:
q :Eν,µ → Eν+µ(1.7)
(W,y) 7→ y(1.8)
The map q is a proper morphism, and then we define the multiplication of Iν and Iµ by
Iν ⋆ Iµ = q!CEν,µ [dimEν,µ + dimEν + dimEµ](1.9)
This definition of the multiplication coincides with the original Lusztig’s definition (see [S,
Section 1.4]).
We can define a Z[q, q−1]-structure on the Grothendick group of the category Qν , which is
denoted by Kq(Qν), as follows:
qn[P] = [P[n]]; for any [P] ∈ Kq(Qν)
The Lusztig’s geometric construction of canonical bases is given as follows.
Theorem 1.2 ([S]). For a vector ν ∈ N[I], let Qν be the semisimple subcategory of derived
category DGL(ν)(Eν) generated by P
ν , then there exists an bijection between the Grothendick
group of Qν and fA,ν. Moreover, we have that algebraic isomorphism
⊕
ν∈N[I]Kq−1(Qν)
∼= fA
under the operation of the multiplication. The elements in fA corresponding to the elements in
Pν is called canonical bases.
Notice that category Qν doesn’t depend on the ground field k. By the facts in [BBD], we know
this category defined over C is equivalent to this category defined over algebraic closed fields
Fq, or see [S, Remark 3.27]. Meanwhile, we should pay attention to the parameter q
−1 in above
Grothendick group Kq−1(Qν), which is not the parameter q of the algebra fA.
From now on, we write bλ for the canonical base in fA corresponding the perverse sheaf IC(Oλ).
Specially, we write bν0 for the canonical base in fA corresponding to the perverse sheaf Iν in P
ν .
As a corollary, we have that
bν0 ⋆ bµ0 =
∑
λ∈Pν+µ
χλν,µbλ(1.10)
where χλν,µ ∈ N[q, q
−1]. There is another way to describe the coefficients χλν,µ ∈ N[q, q
−1] by Hall
algebra of the category QQ =
⊕
ν∈N[I]Qν (see [S]).
1.2. Transformation of product of constant perverse sheaves. From the equations (1.9),
we have that
Iν ⋆ Iµ = q!IEν,µ [dimEν + dimEµ](1.11)
Lemma 1.3 ([S],Example 2.5). For each dimension vector ν =
∑
k νkik, we write Eν for its
representation space, and then the perverse sheaf Iν = CEν [dimEν ] is of the form
Lν1i1,··· ,νnin = Iν
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where Lν1i1,··· ,νnin is introduced in [L1]. One has the canonical base of algebra fA corresponding
to the perserve Lν1i1,··· ,νnin is equal to θν = θ
(ν1)
i1
· · · θ
(νn)
in
. Notice the ordering of I is given at the
beginning of the section 1
For our purpose, we introduce the concept of words. Given a finite set I, we set 〈I〉 be the
free monoid on I, that is, the set of all words i = [j1 · · · jn] for n ≥ 0 and j1, · · · , jn ∈ I with
multiplication given by concatenation of words: for two words j = (j1 · · · jn) and k = (k1 · · · kl),
its concatenation is defined by
jk = (j1 · · · jnk1 · · · kl)(1.12)
For a dimension vector ν ∈ N[I], we set
Sν :=
∏
1≤i≤n
Sνi ; sν :=
∏
1≤i≤n
1
2
(νi − 1)νi; [ν]! :=
∏
1≤i≤n
[νi]!(1.13)
and
iν = (i1 · · · i1i2 · · · in · · · in)
where the entry ik has the multiplicity νk in iν .
By [VV, Remark 1.5], we have an isomorphism of complexes
Liν =
⊕
w∈Sν
Iν [−2l(w)](1.14)
The Poincare polynomial of Sn is ∑
w∈Sn
q2l(w) = q
1
2
n(n−1)[n]!(1.15)
Thus we have the following equation: ∑
w∈Sν
q2l(w) = qsν [ν]!(1.16)
It follows
Liν iµ =Liν ⋆ Liµ(1.17)
=
(⊕
w∈Sν
Iν [−2l(w)]
)
⋆

⊕
v∈Sµ
Iµ[−2l(v)]

(1.18)
=
(⊕
w∈Sν
q−2l(w)Iν
)
⋆

⊕
v∈Sµ
q−2l(v)Iµ

(1.19)
=q−sν−sµ [ν]![µ]!Iν ⋆ Iµ by the equation 1.16(1.20)
where the word iν iµ is the concatenation of word iν and word iµ.
In order to compute coefficients of χλν,µ in the equation 1.10, we introduce the concept of
quantum shuffle algebras, used to describe dual canonical bases.
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1.3. Quantum shuffle algebras. As the same assumption of previous section. For a word
i = [j1 · · · jn] of length n and a permutation w ∈ Sn, we set
|i| := αj1 + · · ·+ αjn , w(i) := [jw−1(1) · · · jw−1(n)]
θi := θj1 · · · θjn, deg(w; i) := −
∑
1≤l<k≤n
w(l)>w(k)
αjl · αjk
where αji refer to simple roots of algebra gQ and the product αjl · αjk = ajl,jk (see 1.3)
Denote by Q+ the root lattice
⊕
i∈I N{αi}. For an element α ∈ Q
+, Set 〈I〉α := {i| |i| = α},
the monomials {θi| i ∈ 〈I〉α} span fα. The quantum shuffle algebra is a free A-module A〈I〉 =⊕
α∈Q+ A〈I〉α on basis 〈I〉, viewed as an A-algebra via the shuffle product ◦ defined on words i
and j of length m and n, respectively, by
i ◦ j :=
∑
w∈Sn+m
w(1)<···<w(m)
w(m+1)<···<w(m+n)
qdeg(w;ij)w(ij)(1.21)
There is an injective A-algebra homomorphism
Ch :f∗A → A〈I〉
x 7→
∑
i∈〈I〉
(θi, x)i
See [Le]. Generally, we can define the map Ch : f∗ → Q(q)〈I〉 as well. The map is also injective.
Next we set an total ordering on 〈I〉 by the lexicographic order from the total order on the set
I of the vertices of quivers (see section 1), which will be denoted by <.
Definition 1.4. A word i ∈ 〈I〉 is called good word, if there exists an element x ∈ f∗ such that
i = max(Ch(x)). Denote by 〈I〉+ the set of all good words.
Remark 1.5. For each element i ∈ 〈I〉+, there exists a unique dual canonical base b∗i in f
∗
A
such that max(Ch(b∗i )) = i. From then on, we abbreviate Ch(b
∗
i ) as b
∗
i if it doesn’t lead to any
confusion.
2. Quiver Grassmannians
2.1. The cohomology of quiver Grassmannians of acyclic quivers. In this section, we fix
an orientation Ω of an acyclic quiver Q and set a total order on the set of vertices I so that k > l
if there exists an arrow h : l→ k. From now on, we abbreviate
−→
Q as Q.
Next we recall the concept of quiver Grassmannians. In the section 1.1, there is a map (see
1.7)
q : Eν,µ → Eν+µ
Given a pointM in Eν+µ, we call the variety q
−1(M) as the quiver Grassmannian with dimension
vector µ for the representation M and denote it by Grµ(M). From [S, Lemma 1.4], we have that
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Eν,µ is a smooth variety with dimension
dimEν,µ = dimEν+µ + 〈µ, ν〉(2.1)
We denote the perverse sheaf CEν,µ [dimEν,µ] as IEν,µ . Denote the imbedding {M} → Eµ+ν as
iM and dimEν + dimEµ as tν,µ
Lemma 2.1 ([CG]). For a representation M with a dimension vector µ+ ν, we have that
H•(Grµ(M)) ∼= H
•−dimEν,µ(i∗M q!IEν,µ)(2.2)
Proof. Follow from the Lemma 8.5.4 in [CG] 
Lemma 2.2 ([BBD]). We have q!IEν,µ =
⊕
λ∈Pν+µ V (λ) ⊠ IC(Oλ) where V (λ) are Z−graded
vector spaces.
Proof. Follow from the BBD Decomposition Theorem [BBD]. 
Next we define Poincare polynomial of quiver Grassmannians.
Definition 2.3. The Poincare polynomial of a quiver Grassmannian Grµ(M) is given by
Chq(H
•Grµ(M)) :=
∑
n∈Z
dimHn(Grµ(M))q
n
Similarly, we can define Chq(V (λ)) and Chq(i
∗
MIC(Oλ)) as
Chq(V (λ)) :=
∑
n∈Z
dimV (λ)nq
n Chq(i
∗
MIC(Oλ)) :=
∑
n∈Z
dimHn(i∗MIC(Oλ))q
n(2.3)
Theorem 2.4. Let ν, µ ∈ N[I] be two dimension vectors and a canonical base bλ ∈ P
ν+µ. We
express its dual bases as b∗λ =
∑
k∈〈I〉ν+µ
χkλk. For the Z-graded vector space V (λ) in Lemma 2.2,
we have
Chq(V (λ)) = q
sν+sµ−tν,µ/[ν]![µ]!χ
iν iµ
λ(2.4)
Proof. The Lusztig’s sheaf Liν iµ corresponds to the element θiνiµ by the Theorem 1.2. One
expresses the element θiνiµ in terms of canonical bases:
θiν iµ =
∑
λ∈Pν+µ
fλν,µ(q)bλ(2.5)
It follows
fλν,µ(q) = (θiν iµ , b
∗
λ)(2.6)
=

θiν iµ , ∑
k∈〈I〉ν+µ
χkλk

(2.7)
= χ
iν iµ
λ(2.8)
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And we have
q!IEν,µ = Iν ⋆ Iµ[−dimEν − dimEµ] by the equation 1.11(2.9)
= qsν+sµ−tν,µLiν iµ/[ν]![µ]! by the equation 1.17(2.10)
By the Theorem 1.2, one denotes by the Chq(q!IEν,µ) ∈ fA the element corresponding to the
complex sheaf q!IEν,µ .
Chq(q!IEν,µ) =
∑
λ∈Pν+µ
Chq(V (λ))bλ by lemma 2.2(2.11)
= qsν+sµ−tν,µθiν iµ/[ν]![µ]! by the equation 2.9(2.12)
= qsν+sµ−tν,µ/[ν]![µ]!

 ∑
λ∈Pν+µ
fλν,µ(q
−1)bλ

 by the equation 2.5(2.13)
From the theorem 1.2, we know that the polynomial fλν,µ(x) should take the parameter q
−1. Thus
we have
Chq(V (λ)) =q
sν+sµ−tν,µ/[ν]![µ]!fλν,µ(q
−1)(2.14)
= qsν+sµ−tν,µ/[ν]![µ]!χ
iν iµ
λ by equation 2.6 and χ
iν iµ
λ (q) = χ
iν iµ
λ (q
−1)(2.15)

Corollary 2.5 (Support theorem). For the map q : Eν,µ → Eν+µ and the decomposition q!IEν,µ =⊕
λ∈KP (ν+µ) V (λ)⊠ IC(Oλ), we have V (λ) 6= 0 if and only if iνiµ ∈ supp(b
∗
λ)
Proof. V (λ) 6= 0 if and only if Chq(V (λ)) 6= 0. From above theorem 2.4, we have that Chq(V (λ)) 6=
0 if and only if χ
iν iµ
λ 6= 0, that is iνiµ ∈ supp(b
∗
λ). 
Remark 2.6. In the paper [FR], they have studied the support of degeneration flag variety.
Our results gives an another description of the support theorem for any acyclic quiver with any
dimension vector.
Theorem 2.7. Let M be a representation of an acyclic Q, then we have
Chq(H
•Grµ(M)) = q
sν+sµ−tν,µ−dimEν,µ/[ν]![µ]!
∑
λ∈Pν+µ
χ
iν iµ
λ Chq(i
∗
MIC(Oλ))(2.16)
Proof.
Chq(H
•Grµ(M)) = q
−dimEν,µChq(i
∗
M q!IEν,µ), by lemma 2.1
(2.17)
= q−dimEν,µ
∑
λ∈Pν+µ
Chq(V (λ))Chq(i
∗
M IC(Oλ)) by lemma 2.2(2.18)
= qsν+sµ−tν,µ−dimEν,µ/[ν]![µ]!
∑
λ∈Pν+µ
χ
iν iµ
λ Chq(i
∗
M IC(Oλ)) by theorem 2.4(2.19)
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
Definition 2.8. A representation M is called a rigid representation if and only if its orbits in
EdimM is open under the group GL(dimM) action. this definition is equivalent to the condition
Ext1(M,M) = 0 for an acyclic and connected quiver.
Theorem 2.9. Let M be a rigid representation of Q with dimension vector dim(M) = ν + µ.
For the canonical base θν+µ = θ
((ν+µ)1)
i1
· · · θ
((ν+µ)n)
in
,see lemma 1.3, we set its dual base as θ∗ν+µ =
b∗
i(ν+µ) for an unique word i(ν + µ) by Remark 1.5. Hence we have that
Chq(H
•Grµ(M)) = q
sν+sµ−tν,µ−〈µ,ν〉/[ν]![µ]!χ
iν iµ
i(ν+µ)(2.20)
Proof. For Supp(IC(Oλ)) ⊂ Oλ, there is a unique element (ν + µ)
0 ∈ Pν+µ such that
i∗M (IC(O(ν+µ)0)) 6= ∅
It is easy to find out the orbit O(ν+µ)0 is equal to the open orbit OM , (for M is rigid). By the
example 1.1, one has
IC(O(ν+µ)0) = IEν+µ = CdimEν+µ [dimEν+µ]
It is easy to find the canonical bases corresponding to (ν + µ)0 is equal to θν+µ by the lemma
1.3. Thus the equation 2.16 becomes
Chq(H
•Grµ(M)) = q
sν+sµ−tν,µ−dimEν,µ/[ν]![µ]!χ
iν iµ
i(ν+µ)Chq(IC(O(ν+µ)0))(2.21)
= qsν+sµ−tν,µ−dimEν,µ/[ν]![µ]!χ
iν iµ
i(ν+µ)Chq(CdimEν+µ [dimEν+µ])(2.22)
= qsν+sµ−tν,µ−dimEν,µ/[ν]![µ]!χ
iν iµ
i(ν+µ)q
dimEν+µ(2.23)
= qsν+sµ−tν,µ−dimEν,µ+dimEν+µ/[ν]![µ]!χ
iν iµ
i(ν+µ)(2.24)
= qsν+sµ−tν,µ−〈µ,ν〉/[ν]![µ]!χ
iν iµ
i(ν+µ)(2.25)
for the dimension formula 2.1. 
Remark 2.10. This result is similar to the results of the paper [KQ]. They established a
connection between Poincare polynomial of rigid quiver Grassmannians and dual canonical base
by decomposition theorem of graded quiver varieties rather than the representation spaces Eν+µ.
From then on, we set qGr
ν+µ
µ := qsν+sµ−tν,µ−dimEν,µ/[ν]![µ]!
Corollary 2.11. Suppose that N ≇ M where M is a rigid representation such that dimN =
dimM , we have that
Chq(H
•Grµ(N)) = Chq(H
•Grµ(M)) + f(q)(2.26)
where f(q) ∈ N[q, q−1].
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Proof. By the equation 2.16 and the fact IC(OM ) = IEν+µ = CdimEν+µ [dimEν+µ], we have
Chq(H
•Grµ(M)) = q
Gr
ν+µ
µ
∑
λ∈Pν+µ
χ
iν iµ
λ Chq(i
∗
M IC(Oλ))(2.27)
= qGr
ν+µ
µ
∑
λ6=(ν+µ)0
χ
iν iµ
λ Chq(i
∗
M IC(Oλ)) + q
Gr
ν+µ
µ χ
iν iµ
i(ν+µ)Chq(i
∗
N IEν+µ)(2.28)
= qGr
ν+µ
µ
∑
λ6=(ν+µ)0
χ
iν iµ
λ Chq(i
∗
M IC(Oλ)) + Chq(M)(2.29)
for IEν+µ is the constant perverse sheaf. Thus we have that
Chq(H
•Grµ(N)) = Chq(H
•Grµ(M)) + f(q)
where f(q) ∈ N[q, q−1]. 
Corollary 2.12. the map q : Eν,µ → Eν+µ is surjective, if and only if iνiµ ∈ supp(θ
∗
ν+µ) where
the notation θν+µ refers to 1.3
Proof. Since q : Eν,µ → Eν+µ is surjective if and only if Grµ(M) 6= ∅ for a rigid representation
M with dim(M) = ν + µ, one has that q : Eν,µ → Eν+µ is surjective if and only if χ
iν iµ
i(ν+µ) 6= 0 by
theorem 2.9. Thus our claim is proved. 
Remark 2.13. In the paper [Sch], Schofield used the methods of modules theory to determine
the map p is surjective. But above corollary describes it in a totally different way.
Since by [IEFR, Corollary 2],we have that rigid quiver Grassmannians has polynomial point-
count. The following result calculates the number of points of rigid quiver Grassmannian over
finite field Fq by the dual canonical bases.
Corollary 2.14. Let us fix an algebraic closed field Fq and set q∗ = q
1
2 . Given a rigid represen-
tation M as the theorem 2.9, it follows
| Grµ(M)(Fq) |= q
sν+sµ−tν,µ−〈µ,ν〉
∗ /[ν]![µ]!χ
iν iµ
i(ν+µ)(q∗)
Proof. By [IEFR, Theorem 1 and Corollary 2],, we have that
| Grµ(M)(Fq) | =
∑
i
dimH2i(Grµ(M))q
i
= Chq∗(H
•Grµ(M)) for Grµ(M) has no odd cohomology
= q
sν+sµ−tν,µ−〈µ,ν〉
∗ /[ν]![µ]!χ
iν iµ
i(ν+µ)(q∗)

3. The cohomology of quiver Grassmannians of Dynkin quivers
In this section, we fix an orientation Ω of a Dynkin quiver Q. It is known that there exists a
reduced expression of the longest element w0 adapting the orientation Ω, which gives rise to a
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convex ordering on R+ such that βk > βl for k > l. We set another convex ordering as
βk ≺ βl for k > l
By Gabriel’s Theorem, we have
Hom−→
Q
(M(βa),M(βb)) = Ext−→Q (M(βb),M(βa)) = 0 for βa ≺ βb(3.1)
Next we will find out this ordering on the simple modules satisfies the condition of ordering of
set of vertices I in section 2.1. Denote the simple roots (the vertices) by {αi}i∈|I|. If there exists
an arrow going from i to j, then by the equations (1.1) and (1.2), it follows
〈αi, αj〉 = −
∑
h∈Ω
s(h)=i,t(h)=j
1
= [M(αi),M(αj)]− [M(αi),M(αj)]
1
= −[M(αi),M(αj)]
1
By the equation (3.1), we have that αi ≺ αj . From now on, we order the simple roots {αi}i∈|I|
so that αi ≺ αj if and only if i < j. Thus the results of the section 2.1 is right under our given
ordering on the set of positive roots R+. We will calculate the coefficients χ
iν iµ
λ of dual canonical
bases b∗λ in Dynkin quivers.
3.1. Dual PBW basis for Dynkin quivers. A kind of special words, called Lyndon word, is
used to study the dual PBW basis of quantized enveloping algebra for Dynkin quivers.
Definition 3.1. A word i = [i1 · · · in] ∈ 〈I〉 is called Lyndon word, if it satisfies the condition
[i1 · · · in] < [ij · · · ik] for all 1 ≤ j < k ≤ n
For Cartan data of finite type (such as Dynkin quivers), the good Lyndon words can be
classified by the following fact in [Le].
Lemma 3.2 ([Le]). If the Cartan data is of finite type then the map i 7→ |i| is bijection between
the set of good Lyndon words and the set R+ of positive roots.
Given a good word i ∈ 〈I〉+, we can decompose it as i = j1 · · · jk where jl are good Lyndon words
with the condition j1 ≥ j2 · · · ≥ jk. The above bijection transports the lexicographic order on
good Lyndon words to a total order on the set R+ inducing a total order ≻ on Q+ := {|i| : i ∈ 〈I〉}
Thus for every good word i = j1 · · · jk where jl, we can express it as the form (β1, β2, · · · , βm)
such that β1  β2  · · ·  βm by the Theorem 3.2. Hence, we can identify the set KP (ν) :=
{(β1, β2, · · · , βm)|
∑m
i=1 βi = ν} with the set of good words 〈I〉
+
ν . It is well known that this nation
KP (ν) coincides with the set of the GL(ν)-orbits in the space Eν(Q) as in section 1.1.
In [BKM], a Kostant partition of ν ∈ Q+ is a sequence λ = (λ1, · · · , λl) of positive roots such
that λ1  · · ·  λl and λ1 + · · · + λl = ν. Set λ
′
k = λl+1−k. If we construct a convex order on
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positive root system R+, we define an order ≻ on KP (ν) := {λ = (λ1, · · · , λl) : λ1+ · · ·+λl = ν}
so that λ ≻ κ if and only if both of the following hold:
λ1 = κ1, · · · , λk−1 = κk−1 and λk ≻ κk for some k such that λk and κk are both defined.
λ′1 = κ
′
1, · · · , λ
′
k−1 = κ
′
k−1 and λ
′
k ≺ κ
′
k for some k such that λ
′
k and κ
′
k are both defined.
For λ = (λ1, · · · , λl) ∈ KP (ν), we set
sλ :=
∑
β∈R+
1
2
mβ(λ)(mβ(λ)− 1)(3.2)
where mβ denotes the multiplicity of β in λ.
Definition 3.3. For any root β ∈ R+, we have a Lyndon good word corresponding to it, de-
noted by j(β). From Remark 1.5, there exists a dual canonical base b∗β . Given an element
λ = (λ1, λ2, · · · , λl) ∈ KP (ν), we define the dual PBW basis as
r∗λ := q
sλb∗λ1 ◦ b
∗
λ2
◦ · · · ◦ b∗λl
Remark 3.4. For an element λ ∈ KP (ν), it follows:
b∗λ = r
∗
λ +
∑
κ≺λ
fκλ (q)r
∗
κ(3.3)
where fκλ (q) ∈ qZ[q].
3.2. The cohomology of quiver Grassmannians of Dynkin quivers. In this section, we
focus on a special orientation of a Dynkin quiver.
Assumption : For a partial order on KP (ν) doesn’t always arises from the lexicographic
ordering 〈I〉+ν , Thus from then on, we assume the orientation Ω gives rise to an ordering on
KP (ν) coinciding with the total order 〈I〉+ν
This ordering leads to a partial order on KP (ν) for each ν ∈ Q+ as the section 1.3. By the
definition of KP (ν) and the Gabriel’s theorem, we have that the set of the isomorphism classes
of representation M on quiver Q with dim(M) = ν is equal to the set KP (ν), and then there is
a bijection between KP (ν) and the set of the GL(ν)-orbits in Eν(
−→
Q), also denoted by KP (ν),
(see section 1.1). as follows
KP (ν)
∼
−→ KP (ν)
(λ1, · · · , λk) 7→
⊕
1≤i≤k
[M(λi)]
where [M(λi)] denotes the isomorphism class of the indecomposable module M(λi) for each root
λi. Hence for an element λ ∈ KP (ν) we denote the corresponding GL(ν)−orbit as Oλ and the
corresponding representation as M(λ).
We recall a partial order on the set KP (ν): Given two elements λ, κ ∈ KP (ν), we define a
partial order ≺1 so that λ ≺1 κ if and only if we have Oκ ⊂ Oλ.
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Since
−→
Q is a Dynkin quiver, the condition λ ≺1 κ implies that [N,M(λ)] ≤ [N,M(κ)] and
[M(λ), N ] ≤ [M(κ), N ] for all representations N on the quiver
−→
Q , see [CB]. Denote the Konstant
partition associated with the unique open orbit in Eν(
−→
Q) by ν0. Notice that representationM(ν0)
is a rigid representation.
Theorem 3.5. The partition ν0 is a smallest element of KP (ν) under the ordering ≺.
Proof. Suppose for the contradiction that there exists an element λ ≺ ν0 in KP (ν). By the
definition of this partial order, we have that λk ≺ ν
0
k for some k such that λi = ν
0
i for all
1 ≤ i ≤ k − 1. By taking the module M(ν0k), we get that
[M(ν0),M(ν0k)] ≥ [M(ν
0
k)⊕ (⊕i≤k−1M(ν
0
i )),M(ν
0
k)] for the multiplicity of M(ν
0
k) is greater 1
= [M(ν0k),M(ν
0
k)] + [(⊕i≤k−1M(ν
0
i )),M(ν
0
k)] by equation 3.1
= 1 + [(⊕i≤k−1M(ν
0
i )),M(ν
0
k)]
= 1 + [(⊕i≤k−1M(λi)),M(ν
0
k)]
= 1 + [M(λ)),M(ν0k )]
So it contradicts the facts [M(ν0), N ] ≤ [M(λ), N ] for all representations N on the quiver
−→
Q 
By the Theorem 3.5 and the Remark 3.4, we have b∗
ν0
= r∗
ν0
. Suppose the Kostant partition
of ν0 is (ν01 , ν
0
2 , · · · , ν
0
l ), then
r∗ν0 = q
s
ν0b∗
ν01
◦ b∗
ν02
◦ · · · ◦ b∗
ν0
l
see 3.2 for the notation sν0 .
If we write r∗
ν0
=
∑
i∈〈I〉ν
hi
ν0
i for the expression of r∗
ν0
, then we have hi
ν0
= χi
ν0
. Let j be a
word such that |j| = ν. We set ht(ν) = n;ht(ν0i ) = ni and i(ν
0) as the corresponding word with
max(b∗
ν0
) = i(ν0) by the theorem 3.2. From the corollary 5.4 in the paper [KR], we find the i(ν0)
coincides with the i(ν) in theorem 2.9.
We fix minimal representation of elements of Sn/
∏l
i=1 Sni . One defines the subset as
Sjν := {w ∈ Sn/
l∏
i=1
Sni | w(i(ν)) = j}
Hence by the definition of shuffle product 1.21 we have that
χj
ν0
= hj
ν0
= qsν0
∑
w∈Sjν
qdeg(w;i(ν))
Thus the theorem 2.9 becomes the following form.
Theorem 3.6. Let M be the rigid representation of a Dynkin quiver Q with dimension vector
dim(M) = ν + µ. then we have that
Chq(H
•Grµ(M)) = q
sν+sµ+s(ν+µ)0−tν,µ−〈µ,ν〉/[ν]![µ]!
∑
w∈S
iν iµ
ν+µ
qdeg(w;i((ν+µ)))(3.4)
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